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The electronic and magnetic structure of the spin-1 /2 magnet Bi2CuO4 is investigated by band structure
calculations within the local �spin� density approximation �L�S�DA�. The insulating compound shows a com-
plex of narrow, half-filled antibonding bands within the LDA, indicating the importance of strong on-site
correlation effects. To describe the lowest-lying excitations, the strong Coulomb correlations have been taken
into account by a subsequent mapping of the LDA band structure onto a tight-binding model and via an
extended Hubbard model onto an extended Heisenberg model. Alternatively, the leading exchange interactions
have been estimated applying the LSDA+U method for different spin configurations in magnetic supercells.
Using our estimated exchange constants, we calculated the spin wave dispersion and the Néel temperature
within the random phase approximation. The calculated properties are in good agreement with experimental
data, suggesting that the magnetic ground state of Bi2CuO4 is governed by the antiferromagnetic interaction
between the structural one-dimensional cuprate chains.
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I. INTRODUCTION

The influence of dimensionality and lattice geometry on
the electronic and magnetic structure of crystalline com-
pounds is a classical topic in solid state physics. Specifically,
linear chains of exchange coupled spin-1 /2 systems have
always been the subject of extensive theoretical and experi-
mental studies.1–7 Recently, the interest in quasi-one-
dimensional magnets has been strongly increased because
new unusual ground states resulting from the competition of
ferromagnetic and antiferromagnetic interactions have been
found. This competition arises from a ferromagnetic nearest
neighbor exchange J1 and an antiferromagnetic next nearest
neighbor exchange J2. The resulting magnetic frustration
with a frustration ratio ��J2 /J1 drives a helical magnetic
order in the compounds LiVCuO4 ���−1.43�,8 NaCu2O2

���−2�,9,10 and LiCu2O2 ���−1�.11–14 Applying a mag-
netic field, the latter system shows even ferroelectric proper-
ties in the spiral state.15 Slight modifications of the chain
geometry in Li2ZrCuO4 lead to a strongly changed frustra-
tion ratio ��1/4, placing this system close to the ferromag-
netic quantum critical point.16 These examples show that the
magnetic ground state is strongly entangled with the arrange-
ment of the magnetic units in such low-dimensional systems.

Originally, Bi2CuO4 was described as a quasi-one-
dimensional spin-1 /2 compound containing ferromagneti-
cally ordered chains that are antiferromagnetically coupled.17

This seems to be very similar to the situation in Li2CuO2,
where ferromagnetic chains result from a competition of
first- and second-neighbor coupling along edge-shared CuO2
chains.18–22 On the other hand, structural peculiarities and
Raman and neutron scattering data strongly favor a three-
dimensional nature of the magnetic coupling in Bi2CuO4.
This is supported by the rather large ordered magnetic mo-
ment for a low-dimensional spin-1 /2 compound reported be-
tween 0.7�B in Ref. 23 and 0.93�B in Ref. 24 together with

a Néel temperature of �45 K in Refs. 25 and 26 of the order
of the leading exchange constant. However, despite many
experimental studies of the electronic and magnetic structure
of Bi2CuO4 �Refs. 23 and 27–30�, the discussion is far from
being settled. In particular, the values of the exchange pa-
rameters as well as the size and direction of the magnetic
moment are still under debate. Therefore, we attempt to in-
vestigate the electronic and magnetic interactions by means
of electronic structure calculations as an independent ap-
proach. Similar band structure studies, combining density
functional investigations and model calculations, have pro-
vided deep and reliable insight into the nature of the mag-
netic ground state of many unusual spin-1 /2
compounds.31–34

The paper is organized as follows: In Sec. II, crystal and
magnetic structures of Bi2CuO4 are briefly discussed. After a
short description of the computational method in Sec. III, the
results of the electronic structure calculation are presented
and discussed in Sec. IV. The calculation of the spin wave
dispersion and the Néel temperature is presented in Sec. V.
Technical details of the tight-binding mapping and the analy-
sis of the spin wave dispersion are given in Appendices A
and B, respectively.

II. CRYSTAL STRUCTURE

The tetragonal crystal structure of Bi2CuO4 �Fig. 1� con-
sists of isolated CuO4

6− plaquettes, which are staggered in
chains along the z axis. The neighboring in-chain plaquettes
are twisted with respect to each other with a twist angle of
about 33°. The chains are connected by BiO4 units. The crys-
tal structure was originally determined in the space group I4
in Ref. 35; later, the space group P4/ncc proposed in Ref. 36
appeared to be more correct.24,25,37,38 For our electronic
structure calculations, we used the crystallographic data ob-
tained by neutron powder diffraction at 1.5 K �with the lat-
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tice constants a=8.4989 Å and c=5.7973 Å�.24

The magnetic structure of Bi2CuO4 consists of formally
ferromagnetic chains along the tetragonal z axis that are an-
tiferromagnetically ordered with respect to each
other.24,25,37–40 The magnetic space group P4/n�c�c�, which
was used for the description of this compound, is incorrect
from our point of view; the magnetic group which allows the
in-chain ferromagnetic order41 is P4/n�cc according to Ref.
42. This magnetic structure can be described with two ferro-
magnetic sublattices that are shifted against each other on
� 1

2a , 1
2a ,�c� and are antiferromagnetic with respect to each

other.

III. COMPUTATIONAL METHOD

A full-potential nonorthogonal local-orbital scheme �FPLO

5.00-18�43 within the local �spin� density approximation
�L�S�DA� was applied for the band structure calculations. In
these scalar relativistic calculations, the Perdew and Wang
parametrization of the exchange correlation potential44 was
chosen. The spin-orbit coupling was included for the calcu-
lations of the magnetic anisotropy. The L�S�DA+U
method45 was used to take the strong on-site Coulomb cor-
relations at the Cu site into account.

The following basis set was used: Bi
�4f5s5p5d� / �6s6p6d�, Cu �3s3p� / �4s4p�3d, and O
�2s2p3d� �notation: �semicore states/valence states� polariza-
tion states�. All lower-lying states were treated as core states.
The inclusion of semicore states was forced by their non-
negligible overlap due to the large extension of their wave
functions. The formally unoccupied Bi 6d and O 3d states
were included to improve the completeness of the basis set.

The extension of the basis orbitals is controlled by an
additional confining potential ��r /r0�4 and gets optimized

with respect to the total energy. A k mesh of 490 points in the
full Brillouin zone �60 points in the irreducible wedge� was
used for the self-consistent calculations.

IV. RESULTS AND DISCUSSION

Figure 2 shows the electronic density of states of the non-
magnetic LDA calculations yielding a valence band complex
with a total band width of about 8 eV, typical for cuprates.
The large energy difference between the bonding Cu-O states
centered at −6 eV and the antibonding Cu-O states at Fermi
level points to the strong covalency of Cu-O plaquette bond.
The main contribution to the valence band originates from
Cu 3d and O 2p states.

In Bi2CuO4, Cu is formally in a 3d9 configuration; there-
fore, strong Coulomb correlations are expected which ex-
plain the experimentally observed29 insulating behavior. It is
well known that the LDA strongly underestimates these cor-
relations, resulting in an incorrect metallic ground state. The

FIG. 1. �Color online� The crystal structure of Bi2CuO4: per-
spective view �top�, front view �down left�, and lateral view �down
right�. The oxygen-oxygen bonds are shown only for the visualiza-
tion of CuO4 plaquettes. The chains of isolated plaquettes are
stacked along z �top� in a staggered manner.
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FIG. 2. �Color online� The LDA electronic density of states:
total and site-resolved partial density of states �top� and orbital-
resolved density of states for Cu 3d states �middle� and O 2p states
�bottom�. The Fermi level is at zero energy. Note the different scal-
ing in the panels showing site-resolved and orbital-resolved densi-
ties of states.
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narrow, well separated peak at Fermi level �see Fig. 2� origi-
nates from the four antibonding Cu 3d-O 2p-� bands accord-
ing to the four Cu sites per unit cell �see Fig. 3�.

In order to calculate the orbital-resolved density of states
and the band characters �fat bands�, we use a local coordinate
system with new x and y axes running from the central cop-
per atom of the Cu-O plaquette into the direction of the
neighboring oxygen atoms. Figure 2 �middle and lower
panel� demonstrates that the antibonding states at the Fermi
level are generated predominantly by Cu 3dx2−y2 and O 2p�

orbitals. The so called “fat band plot” in Fig. 3 shows in
detail the dominant contribution of the Cu 3dx2−y2 and the
O 2p� orbitals to the four well-isolated bands crossing Fermi
level. The dispersions of the antibonding bands in the tetrag-
onal plane �along �-X� and parallel to the tetragonal axis
�along �-Z� show comparable width, pointing to a possibly
more three-dimensional electronic structure rather than a
well pronounced one-dimensional behavior.

The Bi contribution to the states at Fermi level is very
small and can be neglected in good approximation. There-
fore, an effective one-band model is appropriate for the de-
scription of the low-lying excitations in Bi2CuO4.

For a microscopic analysis of the relevant electronic in-
teractions, we have included 12 transfer integrals �see Fig. 4�
in our tight-binding model: hopping parameters within the
structural chain along the z direction to first and second
neighbors as well as coupling between the structural chains
up to the third neighboring chain. The tight-binding Hamil-
tonian for the four half-filled bands leads to a 4�4 matrix,
which was solved analytically.46 The matrix and its eigenval-
ues are given in Appendix A. We note that the matrix can be
transformed into a block-diagonal form, which was used for
the calculation of the spin wave dispersion �Sec. V�.

The values for transfer integrals tij have been obtained by
combination of two numerical procedures: �i� using the en-
ergy eigenvalues at high-symmetry points and �ii� a least
squares fit. The difference of transfer integrals evaluated by
the two procedures does not exceed 5% for the main inter-
actions.

The resulting tight-binding fit is presented in Fig. 5, in
excellent agreement with the underlying calculated LDA
band structure. The small discrepancies in the lower part of
the band structure �on the �-Z line� can be explained by the

hybridization with the other orbitals for this part of the k
space visible in the band weight picture �Fig. 3�. Only 5 out
of 12 transfer integrals appeared to have sizable values: first-
and second-neighbor hopping along the z axis and three cou-
plings between neighboring chains �see Fig. 4�. The values
of the leading transfer integrals are given in Table I �first
row�. All other transfer integrals are smaller than 10 meV.

The obtained transfer integrals allow us to estimate the
exchange integrals. The total exchange consists of antiferro-
magnetic and ferromagnetic contributions: J=JAF+JFM. In
the case of the strongly correlated limit �U� tij� which is
well justified for our model, JAF can be derived from an
extended Hubbard model mapped to the corresponding
Heisenberg model: Jij

AF=4tij
2 /Uef f, where tij is a transfer inte-

gral and Uef f is the difference of the on-site correlation U and
the intersite repulsion Vij. Because of the narrow bandwidth
and the resulting poor screening, we adopted for our analysis
typical values for the plaquette Uef f in the range of
4–5 eV.47 The resulting exchange integrals are presented in
Table I �rows 2 and 3�. The ferromagnetic contribution to the
total exchange integral is commonly caused by sharing
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FIG. 3. �Color online� The band structure �black lines� and the
band weights presented by gray �green� ribbons for Cu 3dx2−y2 and
O 2p� orbitals. The Fermi level is at zero energy. Notation of the
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FIG. 5. �Color online� The tight-binding fit presented by gray
�red� circles of the LDA band structure �black�. The notation of the
k points is the same as that in Fig. 3.
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orbitals.48 Taking into account the absence of direct connec-
tion between the CuO4 plaquettes, we assume that JFM is
small. A posteriori, this assumption is well justified by the
consistent results of the LSDA+U calculations �see below�.

According to our results, the strongest antiferromagnetic
exchange in this system is J1u

AB �see Fig. 6� between the
chains of different sublattices. In consequence, this leads to a
three-dimensional magnetic character of this system, in
agreement with the majority of the experimental data, al-
though there is no general agreement at all for the assign-
ment of the leading three-dimensional coupling from differ-
ent experimental reports �see Table I and references therein�.

The reported 63,65Cu and 209Bi nuclear magnetic reso-
nance spectroscopy49 revealed a large influence of the Cu
spins on the Bi site due to the magnetic interaction in this

compound, supporting our findings: the largest exchange in-
teraction corresponds to the superexchange of the copper at-
oms which have a bismuth atom in between. In comparison,
the in-chain transfer and therefore the in-chain exchange in-
teractions are relatively small.

The excellent agreement of the calculated LDA bands and
our tight-binding fit justifies the restriction to the short range
couplings in our tight-binding model. Their short-range na-
ture, especially of the magnetic couplings �see Table I�, al-
lows the independent estimation of the exchange integrals
using total energy differences for different spin arrange-
ments.

Spin-polarized calculations within the LSDA result in a
splitting of spin-up and spin-down densities, but the resulting
energy gap is much too small compared to spectroscopic
data.29 This is easy to understand because the size of the
band gap is governed by the strong Coulomb correlation and
not by the considerably smaller intra-atomic exchange split-
ting. This strong on-site correlation Ud can be taken into
account within a self-consistent calculation by the LSDA
+U approximation. In order to reproduce the experimental
gap, Ud was fitted to O 2p x-ray absorption spectra,28 result-
ing in a value of Ud�6.5 eV. This value is slightly smaller
than in La2CuO4, where a value of Ud�7.3 eV was obtained
by fitting the calculated exchange value52 to the experimen-
tally measured value.53 A possible reason is the incorrect
behavior of the LSDA+U for U� t, overestimating the sup-
pression of the Cu-O hybridization resulting in too narrow
bands and therefore overestimating the gap for a given Ud.

Thus, for an independent estimate of the short-range ex-
change constants, we performed LSDA+U calculations for
different spin configurations. The constructed supercells pos-
sess the same volume as the nonmagnetic unit cell and allow
four different magnetic arrangements �see Fig. 7�. The con-
struction of larger supercells, including more long-range in-
teractions, causes numerical problems with respect to con-
vergence and to numerical accuracy, especially because of
the small values for these long-range interactions following

TABLE I. Transfer integrals �first row� and exchange integrals, derived from the tight-binding fit �second
�Uef f =4 eV� and third �Uef f =5 eV� rows�, LSDA+U calculations �fourth row�, spin wave dispersion �fifth
row�, and experimental data �following rows�. All values are given in meV.

Path X X1u
AB X2d

AB X1d
AB X1

A X2
A

t �see Appendix A� 74 −40 36 21 −18

J �tight binding, Uef f =4 eV� 5.48 1.60 1.30 0.44 0.32

Set 1, J �tight binding, Uef f =5 eV� 4.38 1.28 1.04 0.35 0.26

J �LSDA+U, Ud=6.5 eV� 	=5.14 0.85 0.88

Set 2, J �spin wave dispersion� 4.7 0.44 0.85 0.88

J, single crystal neutron diffractiona 0.4 4.4 1.4 1.6

J, single crystal neutron scattering and/or
diffractionb �z

5.86 2.06 −0.34 −0.34

J, single crystal neutron scattering and/or
diffractionb �z

5.68 1.72 −0.86 −1.2

J, two-magnon Raman scatteringc 0.38 4.6 1.26 1.36

aReference 50.
bReference 23.
cReference 51.

0.260.260.260.26

0.350.350.350.35
(0.88)(0.88)(0.88)(0.88) 1.3

(0.44)

1.0
(0.85)

4.4
(4.7)

FIG. 6. �Color online� The exchange integrals, obtained by map-
ping the tight-binding fit of the LDA band structure to the Heisen-
berg model �upper value� and derived from total energy LSDA
+U calculations and spin wave dispersion �values shown in brack-
ets�. Only five physically important values are shown. The superex-
change between the neighboring chains of different sublattices
plays a dominant role. All values are given in meV.
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from our tight-binding analysis presented above. Therefore,
we restrict ourselves to the magnetic arrangements given in
Fig. 7.

As a first result, the LSDA+U calculations reproduce the
observed magnetic ground state24 �panel �b� in Fig. 7� with a
minimum in the total energy. As differences between total
energies of different magnetic arrangements for a system
with well localized spins appear due to the spin degrees of
freedom, the energies can be mapped onto the Heisenberg
model:

Ĥ = �
	ij


JijS� iS� j . �1�

From the four magnetic arrangements shown in Fig. 7, we
can derive three exchange integrals, listed in Table I fourth
row�. Although only the sum of the two leading exchange
interactions, J1u

AB+J1d
AB, can be calculated using the LSDA

+U for the presented spin pattern, we find a surprisingly
good agreement between the LSDA+U and the tight-binding
�TB�-derived magnetic couplings. This also proves that the
ferromagnetic contributions to the total exchange that are
neglected in the TB-derived values are rather small.

The size of the exchange contributions from further
neighbors can be independently estimated comparing the
measured Curie-Weiss temperature of 96 K in Ref. 39 with
the exchange constants given in Table I using the relation


CW = �
i

Z

4
Ji, �2�

where Z is the number of neighbors. This leads us to a value
of 1.2±0.2 meV for the sum of all missing �not listed in
Table I� exchange interactions. This shows once more the
consistency of our approach in good agreement with the
most recent experimental data.23,51

Regarding the widely scattering experimental reports for
the exchange integrals �see Table I�, our calculational results
strongly favor the most recent reports from neutron

scattering23 and two-magnon Raman scattering data.51 Be-
cause in both reports a reliable distinction of J1u

AB and J2d
AB was

not possible, the authors mapped the sum of both parameters
either completely to J1u

AB �in Ref. 23� or mostly to J2d
AB �in Ref.

51� based on structural arguments. From our magnetic super-
cell calculations using the LSDA+U scheme, we also obtain
�set 1� the sum J1u

AB+J2d
AB=5.14 meV only. This compares ex-

tremely well with the corresponding values of 5.86 and
4.98 meV from the neutron and Raman experiments, respec-
tively. Therefore, to distinguish between the two exchange
paths, we calculate the spin wave dispersion �see Sec. V�
where we fix the sum J1u

AB+J2d
AB=5.14 meV according to our

calculation and search for the best fit �set 2� using the de-
rived spin wave dispersion �see below�.

In addition, full-relativistic calculations were performed
in order to determine the spin anisotropy, which is still under
debate. While two-magnon Raman scattering51 and cluster
calculations54 result in an easy-axis spin alignment, the anti-
ferromagnetic resonance55 and spin-flop studies39 propose
easy-plane anisotropy. For the chain cuprate Li2CuO2, exhib-
iting a very similar magnetic ground state compared to
Bi2CuO4, calculations including the spin-orbit coupling
found an easy-axis anisotropy56 in agreement with the ex-
perimental data.18 Therefore, we carried out calculations for
the spins lying into the tetragonal plane ��001� direction� and
parallel to the tetragonal axis ��001� direction�. As the result,
the latter one exhibits a slightly lower total energy, corre-
sponding to an easy-axis anisotropy. This easy-axis aniso-
tropy together with the estimated exchange constants Jij is
used for the calculation of the spin wave dispersion and the
Néel temperature TN presented in the following section.

V. MAGNON SPECTRUM AND NÉEL TEMPERATURE

As we have seen, the model of magnetic interactions in
Bi2CuO4 is rather complex. Every copper ion interacts with a
large number of neighbors via a lot of exchange paths. That
is why the empirical modeling of various experiments may
be ambiguous. For example, the spin wave dispersion50 is
well described by different sets in Refs. 50 and 51 within the
frameworks of essentially the same model. In such situation,
the parameter-free LSDA and LSDA+U calculations may
substantially help in establishing an adequate model. Below,
we calculate the spin wave dispersion, magnetic moment,
and Néel temperature for the model established in previous
sections. It is given by anisotropic Heisenberg Hamiltonian

Ĥ = +
1

2�
R,�

�J�
z ŜR

z ŜR+�
z +

J�
xy

2
�ŜR

+ ŜR+�
− + ŜR

− Ŝn+�
+ �� , �3�

where R runs over lattice sites and � enumerates the neigh-
bors of the Rth site. We have adopted the claim of Ref. 51
that the anisotropy axis is c.

Using Tyablikov decoupling scheme �random phase ap-
proximation �RPA��,57,58 we find the retarded Green’s func-
tion �GF� �see Appendix B for the details and notations�,

(a)(a)(a)(a) (b)(b)(b)(b)

(c)(c)(c)(c) (d)(d)(d)(d)

FIG. 7. �Color online� Different spin arrangements in the
Bi2CuO4 structure computed by the LSDA+U approach. The mag-
netic ground state observed by neutron diffraction �Ref. 24� is
shown in the upper right panel �b�.
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GAA�q,�� 
1

N
�

n,m�A

e−ıq�n−m�		Ŝn
+�Ŝm

− 

 =
2m�� + mAq�

�2 − �q
2 ,

�4�

where n ,m run over sites of the same magnetic sublattice,

m= 	Ŝn
z 
 denotes the magnetization of sublattice A, �q

=2m�q
SW, and �q

SW is the free spin wave dispersion �i.e., the
dispersion that appears in the first order ��S� of 1/S expan-
sion of Holstein-Primakoff representation of the Hamiltonian

Ĥ in Eq. �3��,

�q
SW 

1

2
�Aq

2 − �Bq�2, Aq  JAB
z �0� − JA

z �0� + JA
xy�q� ,

�5�

Bq  JAB
xy �q� ,

JAB
� �q� = �

�AB

J�AB

� eıq�AB

= 4 cos
qxa

2
cos

qya

2
exp�− 2ıqzzcu�

���J1d + �J1u + J2d�cos
qzc

2
+ J2u cos qzc�

+ ı��J1u − J2d�sin
qzc

2
+ J2u sin qzc�� ,

JA
��q� = �

�A

J�A

� eıq�A = 2J1A cos
qzc

2
+ 2J2A cos qzc . �6�

Here, �=z ,xy. The peculiarity of the Bi2CuO4 structure re-
sults in the complexity of JAB

� �q�=JBA
�*�q�.

It is well known that the RPA overestimates the spin wave
energy renormalization at zero temperature.59,60 Thus, the in-
elastic neutron scattering �INS� experiment results should be
compared with �q

SW rather than with �q.
Figure 8 shows the comparison of the dispersions �Eq.

�5�� with the model of Ref. 51 which fits both INS and Ra-
man scattering data simultaneously. Our model �Eq. �5�� is

supplemented with the anisotropy D=A0−B0. The chosen
value of the anisotropy D=�4�exp

2 −B0
2−B0 reproduces the

experimental value of the gap in the spin wave spectrum
�expt�1.87 meV.

We have used two sets of exchange parameters �see Table
I�. The first set �set 1, row 3 in Table I� is obtained from the
effective Hubbard model having one-particle hoppings taken
from our tight-binding fit of the LDA band structure. We
have chosen the effective Hubbard U value to be U=5 eV.
This set qualitatively reproduces the results of INS, but it
overestimates the spin wave dispersion. Let us recall that
effective Hubbard model provides only antiferromagnetic
contribution to the superexchange as we have discussed in
the previous section.

Better agreement may be achieved with a semiempirical
set �set 2, row 5 in Table I�. It contains four exchange con-
stants. The values J1u+J2d, J1d, and J1A are taken from
LSDA+U calculation. This results in J1u=4.7 meV and J2d
=0.44 meV for the best fit to the INS23 and Raman data.51

Obtaining J1u=4.7 meV as the leading exchange term this
way is also in good agreement with the result from the TB
mapping procedure with J1u=4.38–5.48 meV �see Table I�.

When J2u=0, the exchange constants J1u and J2d enter
symmetrically in the �q

SW expression �Eqs. �5� and �6��. In
this case, only the square of the value �J=J1u−J2d enters Eq.
�5�. The values �J1u=4.7 meV and J2d=0.44 meV� men-
tioned above are obtained by fixing the ratio J1u /J2d accord-
ing to the tight-binding fit. So, it is not surprising that our set
2 gives a dispersion close to the experimentally observed
one. Its main difference from the empirical set of Ref. 51 is
the sign of �J. The true sign of �J may be established only
in the model with J2u�0. The accurate analysis of the spin
wave dispersion along the z direction that could provide the
value of J2u together with the sign of �J demands very pre-
cise INS measurements. Let us mention that this dispersion
is also affected by J2A and other intrasublattice exchange
couplings that complicate the analysis even more.

Within the standard RPA approach,57,58 we have calcu-
lated the Néel temperature TN using the obtained GF �Eq.
�4��. In analogy with Ref. 60 �see also Appendix B�, TN is
given by

TN =
1

4

N
�
q

Aq

Aq
2 − �Bq�2

. �7�

Substituting the exchange couplings from different sets
into Eqs. �6� and �7�, we have TN,Ref. 51�47 K, TN,1�59 K,
and TN,2�47 K in surprisingly good agreement with the ex-
perimental value of TN,expt=42–46 K.

VI. SUMMARY

In this paper, the electronic and magnetic structure of
Bi2CuO4 was investigated in a detailed, microscopic analy-
sis. Here, we combined density functional calculations �LDA
and LSDA+U�, a tight-binding model of the nonmagnetic
band structure with a subsequent mapping onto a Heisenberg
model, and calculations of the magnetic anisotropy, the spin
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FIG. 8. �Color online� The spin wave dispersion for the model
�3� given by two different sets �see Table I� compared with INS 
Raman data from Ref. 51.
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wave dispersion, and the Néel temperature using the ex-
change integrals obtained this way. Our results clearly favor
the interpretation of recent neutron scattering23 and Raman
data.51 In addition, we could identify the leading coupling
unambiguously. Our main conclusions are as follows: �i�
Bi2CuO4 is a compound with a rather three-dimensional
electronic and magnetic structure. Therefore, quantum fluc-
tuations should be strongly suppressed. This is also reflected
in the comparably large ordered magnetic moment and a
Néel temperature comparable with the leading exchange
term. �ii� The main coupling is an antiferromagnetic super-
exchange between neighboring chains. �iii� The coupling
along the structural chains is relatively weak. �iv� The ferro-
magnetic arrangement along the chains originates from the
zigzaglike antiferromagnetic interchain coupling. �v� The
compound exhibits an easy-axis anisotropy.
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APPENDIX A: TIGHT-BINDING MODEL

The tight-binding model presented in Sec. IV leads to a
4�4 matrix according to the four antibonding Cu-O states
originating from the four Cu sites per unit cell. This matrix is
given by

�
� � � + � � + �

� � � + � � + �

�* + �* �* + �* � �

�* + �* �* + �* � �
� , �A1�

with

� = �0 − 2t2
A cos�kzc� − 2t1

AA�cos�kxa� + cos�kya�� ,

�A2�

� = − 2t1
A cos�kz

c

2
� − 2t2

AA�cos�kxa� + cos�kya��cos�kz
c

2
� ,

�A3�

� = − 4t1d
AB cos�kx

a

2
�cos�ky

a

2
�exp�− kz�0.15c�� , �A4�

� = − 4t2u
AB cos�kx

a

2
�cos�ky

a

2
�exp�kz�0.85c�� , �A5�

� = − 4t1u
AB cos�kx

a

2
�cos�ky

a

2
�exp�kz�0.35c�� , �A6�

� = − 4t2d
AB cos�kx

a

2
�cos�ky

a

2
�exp�− kz�0.65c�� , �A7�

where a and c are lattice constants and kx, ky, kz is a vector in
reciprocal lattice �the notation for transfer integrals is given
on Fig. 4�. The four eigenvalues of this matrix are the fol-
lowing:

� − � ± ��� + � − � − ����* + �* − �* − �*� , �A8�

� + � ± ��� + � − � − ����* + �* + �* + �*� . �A9�

APPENDIX B: TEMPERATURE DEPENDENT RETARDED
GREEN’S FUNCTION

Here, we give the details of analytical calculations that
have led us to Eqs. �4�, �5�, and �7�.

As it was mentioned above, the unit cell of tight-binding
model contains two sites with the vector radii �A
= �3/4 ,1 /4 ,1 /2−zcu�, and �B= �1/4 ,3 /4 ,1 /2+zcu�. So, the
unit cell is two times smaller than the chemical cell and has
the dimensions �a ,a ,c /2�. The unit cell of magnetic struc-
ture coincides with that of tight-binding model. Thus, the
magnetic Brillouin zone is a rectangular box, −� /a�qx, qy
�� /a, −2� /c�qz�2� /c.

We will calculate the retarded Green’s function

Gs1s2
�q,�� = − ı�

t�

�

dteı��t−t��	�Ŝ−qs1

+ �t�, Ŝqs2

− �t���


 		Ŝ−qs1

+ �Ŝqs2

− 

 , �B1�

where

Ŝqs
� =

1
�N

�
n�s

eıq�n+�s�Ŝn+�s

+ , �B2�

�= + ,−,z and s=A ,B define the sublattice, and n enumer-
ates the sites of the Bravais lattice of magnetic structure, i.e.,
the sum goes over the sites of one sublattice. N is the total
number of unit cells that coincides with the number of sites
in a sublattice. The �…,…� means the commutator. The ex-
pectation value denotes the thermal average:

	¯
 = Q−1Sp�e−�Ĥ
¯ �, Q = Spe−�Ĥ. �B3�

Here, Sp implies taking the trace of an operator and �
= �kBT�−1 is an inverse temperature. The time dependence of

an operator X̂�t� is given by X̂�t�=eitĤX̂e−itĤ.
The equation of motion for GF �Eq. �B1�� gives

�GAA�q,�� = 	�Ŝ−qA
+ , ŜqA

− �
 + 		�Ŝ−qA
+ ,Ĥ��ŜqA

− 



= 2mA +
1

�N
�
n�A

e−ıq�n+�A��
�

		− J�
z Ŝn+�A

+ Ŝn+�A+�
z

+ J�
xyŜn+�A

z Ŝn+�A+�
+ �ŜqA

− 

 . �B4�

Here, mA= 	Ŝn+�A

z 
m denotes A sublattice magnetization.
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According to experimental findings, we assume that the mag-
netization of sublattice B is mB=−mA.

The RPA decoupling57,58 of higher order GF substitutes

		Ŝn
+Ŝm

z �ŜqA
− 

 � 	Ŝm

z 
		Ŝn
+�ŜqA

− 

 . �B5�

Then, we find

�� − mAq�GAA�q,�� = 2m + mBqGBA�q,�� ,

�� + mAq�GBA�q,�� = − mBq
*GAA�q,�� . �B6�

The solution of the system in Eq. �B6� gives Eq. �4�.
Let us now calculate the Néel temperature. The additional

equation for the value of the sublattice magnetization is
given by

1

2
− m =

1

N
�
q

	ŜqA
− Ŝ−qA

+ 
 , �B7�

where the correlation function 	ŜqA
− Ŝ−qA

+ 
 is related with GF,

	ŜqA
− Ŝ−qA

+ 
 = �
−�

+� d�

e�� − 1
�−

1

�
Im GAA�q,���

= m� Aq

�Aq
2 − �Bq�2

coth
��q

2
− 1� . �B8�

Equations �B7� and �B8� close the RPA self-consistency loop
and give the equation for the temperature dependent sublat-
tice magnetization,

1

2
= m

1

N�
q

Aq

�Aq
2 − �Bq�2

coth
��q

2
. �B9�

For zero temperature, we have coth
��q

2 →1, which gives

m�T = 0� = 	ŜA
z 
 =

1

2

N
�
q

Aq

�Aq
2 − �Bq�2

. �B10�

Substituting the values for exchange integrals, we have
m1�0��0.45 for set 1, m2�0��0.43 for set 2, and
mRef.51�0�=0.44 for the set of Ref. 51.

In the vicinity of the Néel temperature, m→0 then
coth

��q

2 �2T /�q. This gives for the Néel temperature the
estimate in Eq. �7�.
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